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The performance of quantum computers is hindered by decoherence and crosstalk, which cause errors
and limit the ability to perform long computations. Dynamical decoupling is a technique that alleviates
these issues by applying carefully timed pulses to individual qubits, effectively suppressing unwanted
interactions. However, as quantum devices grow in size, it becomes increasingly important to minimize the
time required to implement dynamical decoupling across the entire system. Here, we present “chromatic
Hadamard dynamical decoupling” (CHaDD), an approach that efficiently schedules dynamical decoupling
pulses for quantum devices with arbitrary qubit connectivity. By leveraging Hadamard matrices, CHaDD
achieves a circuit depth that scales linearly with the chromatic number of the connectivity graph for general
two-qubit interactions, assuming instantaneous pulses. This includes ZZ crosstalk, which is prevalent in
superconducting quantum processing units (QPUs). The scaling of CHaDD represents an exponential
improvement over all previous multiqubit decoupling schemes for devices with connectivity graphs the
chromatic number of which grows at most polylogarithmically with the number of qubits. For graphs with
a constant chromatic number, the scaling of CHaDD is independent of the number of qubits. We report on
experiments we have conducted using IBM QPUs that confirm the advantage conferred by CHaDD. Our
results suggest that CHaDD can become a useful tool for enhancing the performance and scalability of
quantum computers by efficiently suppressing decoherence and crosstalk across large qubit arrays.
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I. INTRODUCTION

Quantum computers contain interconnected qubits that
experience decoherence and control errors due to spuri-
ous interactions with the environment and surrounding
qubits. This adversely affects the ability of such devices
to retain or process information for periods of time longer
than the decoherence timescale, which is necessary for
achieving a quantum advantage over classical computers
[1]. In order to surmount this obstacle, considerable atten-
tion has been devoted to developing methods that mitigate
these deleterious effects, among which dynamical decou-
pling (DD) has recently been shown to play an important
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role. DD is an error-suppression technique that averages
out undesired Hamiltonian terms by applying determinis-
tic [2–5] or random sequences of scheduled pulses [6,7].
Originally designed to suppress low-frequency noise in
nuclear magnetic resonance [8–11], DD effectively decou-
ples the quantum system from both external noise due to
decoherence [12–16] and internal noise due to undesired
always-on interactions [17–22]. DD has recently found
numerous applications in quantum information process-
ing, e.g., in noise characterization [23–29] and improving
algorithmic performance [30–35].

Most of the attention in improving performance through
DD has focused on the development of DD sequences that
achieve high perturbation-theory-order noise cancellation
[36–45], robustness to pulse errors [46–49], or reduction
of the requirements for quantum error correction [50–54]
and error avoidance [55–57]. Much less attention has been
paid to developing efficient DD pulse sequences for simul-
taneously decoupling multiple interconnected qubits and
studies of this topic date primarily to early results using
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Hadamard matrices and orthogonal arrays [17,58–64],
along with more recent developments [18,20–22,65,66].
This problem grows in complexity for qubit layouts that
are more highly connected, i.e., as the qubit graph degree
grows. It is generally recognized that a higher graph degree
is desirable [67,68], as this reduces the overhead associated
with coupling geometrically distant qubits.

In this paper, we introduce “chromatic Hadamard
dynamical decoupling” (CHaDD), which provides an effi-
cient solution to completely decoupling an arbitrary qubit-
interaction graph G = (V, E), where V is the vertex (i.e.,
qubit) set and E is the edge (i.e., qubit-qubit coupling)
set. There are two relevant notions of efficiency: (i) the
total power consumed by a pulse sequence per decou-
pling cycle, quantified in terms of the pulse repetition rate
(PRR), i.e., the average number of pulses per unit time; and
(ii) the circuit depth per cycle, where simultaneous pulses
are counted as a single pulse.

Concerning circuit depth, until recently, efficient
schemes were thought to be at most linear in the total num-
ber of qubits n = |V| [61–63] for instantaneous (“bang-
bang” [2]) pulses. Then, it was established that the scaling
of complete decoupling of a ZZ crosstalk graph [69] could
be stated in terms of the chromatic number of the graph
χ(G) (an idea dating back to Refs. [17,18]), i.e., the min-
imum number of distinct colors required to properly color
the graph, instead of the number of qubits, albeit with
exponential scaling, 2χ(G) [22].

Here, we show that it is possible to achieve efficient
universal first-order decoupling. Namely, we prove that in
general, the circuit depth scales linearly with the chromatic
number, with an improved prefactor for single-axis decou-
pling (e.g., the special case of ZZ crosstalk). This is an
exponential improvement over the single-axis crosstalk-
suppression result of Ref. [22], as well as over all previ-
ous multiaxis decoupling schemes building on Hadamard
matrices or orthogonal arrays [58–63] for graphs with a
chromatic number that scales at most polylogarithmically
in n. The schemes of Refs. [61–63] achieve parity with
CHaDD when χ(G) ∼ n, as is the case with trapped-ion or
neutral-atom devices with all-to-all connectivity [67,70].
In devices with a constant chromatic number, such as
all current superconducting quantum computing hardware,
the scaling of CHaDD is independent of n, providing a
significant advantage over decoupling schemes that scale
linearly with the number of qubits. In such cases, CHaDD
can further help diagnose and suppress crosstalk between
non-natively coupled qubits corresponding to an effective
connectivity graph with a higher chromatic number.

Going beyond the efficient circuit-depth scaling of
CHaDD, we also consider the PRR (i.e., power con-
sumption) metric at fixed chromatic number. We demon-
strate both theoretically and experimentally that CHaDD
achieves similar or better performance at a lower PRR than
standard “achromatic” DD pulse sequences, i.e., sequences

that are blind to the chromatic number of the underlying
qubit-connectivity graph. Namely, we show that CHaDD
reduces the PRR by 20–33%, depending on the specific
CHaDD variant.

The structure of this paper is as follows. In Sec. II, we
provide pertinent background on graph coloring, the error
model, and dynamical decoupling. In Sec. III, we define
CHaDD and several variants designed to suppress multi-
axis decoherence and to improve robustness against pulse
errors. We prove our main theorems concerning the circuit-
depth efficiency of CHaDD and discuss several illustrative
examples. In Sec. IV, we provide experimental tests of
CHaDD and its variants using IBM superconducting quan-
tum processing units (QPUs) and demonstrate that, as
predicted by our theory, CHaDD exhibits a better PRR
than previously known sequences. We conclude in Sec.
V and discuss various possible generalizations and open
problems suggested by our work. The appendices provide
additional technical details in support of the main text, as
well as additional confirmation of our experimental results
obtained on different IBM QPUs.

II. BACKGROUND

A. Graph coloring

Coloring is the assignment of colors (labels) to the ver-
tices of a graph such that no two adjacent vertices share
the same color. The chromatic number is related to the
graph degree: Brooks’ theorem states that for a connected
graph G with maximum degree �, χ(G) ≤ � except when
G is a complete graph or an odd cycle, in which case
χ(G) = � + 1 [71,72]. Moreover, if the maximum degree
of the subgraph induced on a vertex v ∈ V and its neigh-
borhood is �(v), then χ(G) ≥ �(v) + 1, which provides
a lower bound using the neighborhood degree [73]. Lower
bounds also exist in terms of the adjacency matrix [74,75].
Finding the chromatic number is one of Karp’s 21 NP-
complete problems [76] but in many cases of interest, we
do not need to exactly know χ(G): since � is often a con-
stant in the quantum computing context, we may in such
cases simply replace χ(G) by the graph degree � to obtain
an upper bound.

B. Error model

Consider a system of qubits occupying the vertices V of
a graph G. We are concerned with the suppression of unde-
sired interactions between this system and its environment
and the suppression of undesired internal system terms
arising, e.g., due to crosstalk. Letting {σα

v }α∈{x,y,z} denote
the Pauli matrices acting only on qubit v, quite generally
this scenario can be represented in terms of the following
Hamiltonian:

H = H1 + H2, (1a)
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H1 =
∑

α∈{x,y,z}
Hα

1 , H2 =
∑

α,β∈{x,y,z}
Hαβ

2 , (1b)

Hα
1 =

∑

v∈V

σα
v ⊗ Bα

v , Hαβ

2 =
∑

{(u,v)∈E | u<v}
σα

u σβ
v ⊗ Bαβ

uv .

(1c)

In Eq. (1c), we sum over ordered pairs of vertices and
Bα

v = ωα
v B̃α

v (Bαβ
uv = J αβ

uv B̃αβ
uv ), where B̃α

v (B̃αβ
uv ) are dimen-

sionless operators that act purely on the environment, and
ωα

v (J αβ
uv ) are the corresponding couplings with dimen-

sions of energy. The unperturbed evolution given by the
“free-evolution unitary” fτ = exp(−iτH) is then generally
nonunitary and decoherent. In the case of undesired inter-
nal terms, the B̃α

v (B̃αβ
uv ) represent the identity operator on

all qubits but v (and u). fτ is then unitary but subject to
coherent error, including both control errors and crosstalk.

C. Dynamical decoupling

DD is based on the application of short and nar-
row (“bang-bang” [2]) pulses Pα,v(θ) = exp[−i(θ/2)σ α

v ].
Here, we are concerned primarily with the case of π pulses
and denote Xv = Px,v(π) = −iσ x

v (an “X pulse”) and sim-
ilarly for Y and Z. It is well known that to suppress
decoherence and undesirable terms in the system Hamilto-
nian (such as crosstalk or unintended single-qubit terms),
it suffices to apply π pulses at regular intervals, as long as
these pulses cycle over the elements of a group [4]. Apply-
ing such a sequence synchronously to all qubits would
suppress H1 but not H2, since it would commute with the
pulses. To dynamically decouple several qubits in a man-
ner that suppresses both H1 and H2, one can use Hadamard
matrices and orthogonal arrays to schedule the pulses in
such a way that prevents the pulses from commuting with
H2 [58–63]. However, such schemes are suboptimal if they
do not account for the qubit-connectivity graph; recent
work that does has resulted in a scheme requiring a cost
of 2χ(G) pulses to decouple all ZZ crosstalk in a graph G
[22] (the special case H = H zz

2 ). We now show how this
can be both exponentially reduced in cost and extended to
deal with a general Hamiltonian H [Eq. (1)].

III. RESULTS

A. Single-axis CHaDD

We first specialize to the case in which H1 and H2 do not
include pure-x-type terms. This includes ZZ crosstalk.

Theorem 1 (single-axis CHaDD). Assume that the free-
evolution unitary is fτ = e−iτH , where H is given by Eq.
(1). Then, a circuit depth of χ ≤ N ≤ 2χ , involving only
X pulses, suffices to cancel to first order in τ all terms in
H excluding H x

1 and H xx
2 on a qubit-connectivity graph G

with chromatic number χ .

Proof. Let χ be the chromatic number of the graph G
corresponding to the Hamiltonian H given by Eq. (1) and
let φ : V → {1, 2, . . . , χ(G)} ≡ C be a proper χ -coloring
of the graph G. Define Vc ≡ {v ∈ V | φ(v) = c}, i.e., the
set of all vertices of the same color c, and Ec1,c2 ≡ {(u, v) ∈
E | u < v, φ(u) = c1, φ(v) = c2}, i.e., the set of all ordered
pairs of vertices of colors c1 and c2, respectively, joined by
edges in E. Now we return to Eq. (1c) and group the terms
according to the coloring of G:

Hα
1 =

∑

c∈C

∑

v∈Vc

σα
v , Hαβ

2 =
∑

c1 	=c2

∑

(u,v)∈Ec1,c2

σα
u σβ

v . (2)

We have suppressed the bath operators in Eq. (2)
for notational simplicity; they will not matter in our
calculations below, since we only consider first-order
time-dependent perturbation theory through the Baker-
Campbell-Hausdorff (BCH) expansion; the effect of non-
commuting bath operators appears only to second order.

If we conjugate the free-evolution unitary fτ by X pulses
applied to all qubits of the same color c, i.e., by X̃c ≡⊗

v∈Vc
Xv, we flip the sign of all σ

y
v and σ z

v terms corre-
sponding to qubits v of color c, since they anticommute
with X̃c. Similarly, for the two-body terms, we flip the sign
of all σα

u σβ
v terms where one of the qubits u and v is of

color c and the corresponding Pauli operator anticommutes
with X . Thus,

X̃cfτ X̃ †
c = exp

[−iτ
(
H̃1,c + H̃2,c

)]
, (3a)

H̃1,c =
∑

α∈{x,y,z}
H̃α

1,c , H̃2,c =
∑

α,β∈{x,y,z}
H̃αβ

2,c , (3b)

H̃α
1,c = X̃cHα

1 X̃ †
c =

∑

c′∈C

(−1)δcc′ (1−δαx)
∑

v∈Vc′
σα

v , (3c)

H̃αβ

2,c = X̃cHαβ

2 X̃ †
c =

∑

c1 	=c2

(−1)δcc1 (1−δαx)(−1)δcc2 (1−δβx)
∑

(u,v)∈Ec1,c2

σα
u σβ

v .

(3d)

Note that H̃ x
1,c = H x

1 and H̃ xx
2,c = H xx

2 . To go beyond qubits
of a single color c, we form a criterion for determining
whether to conjugate fτ by X̃c for a given color c at time
step j according to the Hadamard matrix.

Let ν = ⌊
log2 χ

⌋ + 1, N = 2ν , and consider the N × N
Hadamard matrix

Wν ≡ W⊗ν
1 = 1√

N

∑

i,j ∈{0,1}ν
(−1)i·j |i〉〈j |, (4)

where W1 is the standard 2 × 2 Hadamard matrix and
where the dot product is the bit-wise scalar product with
addition modulo 2. Below, we use i and j to denote
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an integer or its binary expansion (i.e., i = i0ii . . . iν−1),
depending on the context.

Consider any injective function g : C → {1, 2, . . . ,
N − 1} that maps distinct colors in C to distinct rows
i > 0 of the Hadamard matrix Wν . Note that ν is the num-
ber of bits needed to account for every color c ∈ C. For
every such color, we use row i = g(c) to schedule the
decoupling scheme for the qubits in Vc: at each time step
j = 0, 1, . . . , N − 1, if 〈i| Wν |j 〉 = (−1)i·j = −1 (the core
property of the Hadamard matrix that we need), i.e., if
i · j ≡ 1 mod 2, we conjugate fτ by X̃c. Equivalently, for
each color c at each time step j , we conjugate fτ by X̃ g(c)·j

c .
The resulting unitary-control propagator across all colors
c ∈ C at time step j is then

Ux
j ≡ X j fτ X

†
j , X j ≡

⊗

c∈C

X̃ g(c)·j
c . (5)

The only difference from Eq. (3) is that now the indicator
functions are generalized from a single color (such as δcc′)
to the set of all colors dictated by the Hadamard matrix
at time step j , i.e., to g(c) · j . Consequently, Eq. (3) is
replaced by

Ux
j = exp

[−iτ
(
H 1,j + H 2,j

)]
, (6a)

H 1,j =
∑

α∈{x,y,z}
H

α

1,j , H 2,j =
∑

α,β∈{x,y,z}
H

αβ

2,j , (6b)

H
α

1,j = X j Hα
1 X

†
j =

∑

c∈C

(−1)g(c)·j (1−δαx)
∑

v∈Vc

σα
v , (6c)

H
αβ

2,j = X j Hαβ

2 X
†
j =

∑

c1 	=c2

(−1)g(c1)·j (1−δαx)(−1)g(c2)·j (1−δβx)
∑

(u,v)∈Ec1,c2

σα
u σβ

v .

(6d)

Similarly, H
x
1,j = H x

1 and H
xx
2,j = H xx

2 , meaning that pure-x
terms are invariant.

Each Ux
j takes one time step of length τ . Then, using the

BCH expansion, the entire sequence of N time steps and
total duration T = Nτ has the following unitary:

N−1∏

j =0

Ux
j = exp

[
−iτ

N−1∑

j =0

H 1,j + H 2,j

]
+ O (

T2) . (7)

Now, observe that the single-qubit sum
∑

j H 1,j = NH x
1 ,

since
∑N−1

j =0 (−1)g(c)·j = 0 ∀ g(c) 	= 0, where we have used
the fact that all rows i = g(c) > 0 of the Hadamard matrix
have entries that add up to zero. Similarly, the two-qubit
sum

∑
j H 2,j = NH xx

2 , since
∑N−1

j =0 (−1)g(c1)·j (−1)g(c2)·j =
δg(c1),g(c2) = 0, where we have used the fact that
the Hadamard matrix Wν is orthogonal, i.e., δi1,i2 =

FIG. 1. Color-to-row maps for 2-colorable (left) and 3-
colorable (right) graphs. The solid arrows correspond to an
unbalanced schedule and the dashed arrows to a balanced sched-
ule. Middle: the Hadamard matrix W2.

〈i1| WT
ν Wν |i2〉 = 1

N

∑
j ∈{0,1}ν (−1)i1·j (−1)i2·j , and that g

is injective, i.e., c1 	= c2 =⇒ i1 = g(c1) 	= g(c2) = i2.
Thus,

Ux ≡
N−1∏

j =0

Ux
j = exp

[−iT(H x
1 + H xx

2 )
] + O (

T2) (8)

and we have eliminated to first order in τ all nonpure-x
terms in H1 and H2. The total number of time steps, i.e.,
the circuit depth, is N = 2ν = 2�log2 χ�+1, i.e., χ ≤ N ≤
2χ . �

The sequence that explicitly provides the circuit alluded
to in the statement of Theorem 1, and which is constructed
in the proof of this theorem, is as follows.

Definition 1 (single-axis x-type CHaDD). The sequence
Ux = ∏N−1

j =0 Ux
j with Ux

j given in Eq. (5) is called single-
axis x-type CHaDD. Other single-axis CHaDD sequences
are obtained by replacing x with another axis.

We illustrate single-axis x-type CHaDD for a few exam-
ples with low chromatic numbers.

Since χ(G) ≥ 2 for graphs with |E| ≥ 1, for single-
axis CHaDD we use graphs G with χ(G) = 2, 3, i.e.,
ν = ⌊

log2 χ(G)
⌋ + 1 = 2. By Theorem 1, a circuit depth

of N = 2ν = 4 is then sufficient to cancel all nonpure-x
interactions (e.g., ZZ crosstalk) and qubit decoherence to
first order, scheduled according to the Hadamard matrix
W2 shown in Fig. 1 (middle).

Per Theorem 1, the first row (i = 0) is not used. For
χ(G) = 3, we must use all three of the remaining rows
i = 1, 2, 3, but for χ(G) = 2, we can choose any pair of
rows.

1. Example 1: Single-axis CHaDD for χ(G) = 2

Consider a square grid of qubits with nearest-neighbor
coupling, as in Fig. 2 (top and middle). This graph G is
2-colorable (bipartite), i.e., there exists a proper 2-coloring
φ : V → {1, 2} ≡ C. Examples of such graphs include the
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FIG. 2. Examples of schedules for 2-colorable (top and mid-
dle) and 3-colorable (bottom) graphs. The purple circles indicate
DD pulses and time flows from left to right. Top row: an unbal-
anced schedule for a 2-colorable graph [Eq. (9)]. Middle row:
a balanced schedule for a 2-colorable graph [Eq. (10)]. Bottom
row: an unbalanced schedule for a 3-colorable graph [Eq. (11)].

Rigetti Ankaa family of chips [77] and the IBM heavy-hex
layout [78].

Let us choose the identity color-to-row map i = g(c) =
c so that colors c = 1, 2 correspond to rows i = 1, 2,
respectively, as in Fig. 1 (left, solid arrows). We conju-
gate the free evolution fτ by all X̃i operators for which
〈i| W2 |j 〉 = −1 for each time step (column) j . This readily
yields Ux

0 = fτ for the first interval, Ux
1 = X̃1fτ X̃ †

1 for the
second, Ux

2 = X̃2fτ X̃ †
2 for the third, and, since X 3 = X̃1X̃2,

finally Ux
3 = (X̃1X̃2)fτ (X̃1X̃2)

† for the last interval. Taking
the product of all unitaries yields the unbalanced schedule

Ux =
3∏

j =0

Ux
j = X̃1X̃2fτ X̃1fτ X̃1X̃2fτ X̃1fτ , (9)

wherein a pulse is applied to all 1-colored qubits every τ

but only every 2τ to the 2-colored qubits (see Fig. 2, top).
A balanced schedule results if, instead, we choose i =

g(c) = c + 1, as in Fig. 1 (left, dashed arrows), resulting in
Ux

0 = fτ , Ux
1 = X̃2fτ X̃ †

2 , Ux
2 = (X̃1X̃2)fτ (X̃1X̃2)

†, and Ux
3 =

X̃1fτ X̃ †
1 , so that

Ux =
3∏

j =0

Ux
j = X̃1fτ X̃2fτ X̃1fτ X̃2fτ , (10)

wherein a pulse is applied alternately to 1- and 2-colored
qubits every 2τ . This schedule is illustrated in Fig. 2 (mid-
dle) and may be considered preferable due to its symmetry
and lower overall pulse count of four single-color pulses

versus six for the unbalanced schedule. It is an interesting
question to identify the general conditions for a balanced
schedule directly from the Hadamard matrix in arbitrary
dimensions.

2. Example 2: Single-axis CHaDD for χ(G) = 3

An example for which χ(G) = 3 is a triangular grid
(Fig. 2, bottom). We must now use all three rows i = 1, 2, 3
of the Hadamard matrix W2, and g can only be a per-
mutation. Consider the identity i = g(c) = c, as in Fig.
1 (right). We obtain Ux

0 = fτ , X 1 = X̃1X̃3 so that Ux
1 =

(X̃1X̃3)fτ (X̃1X̃3)
† and, similarly, Ux

2 = (X̃2X̃3)fτ (X̃2X̃3)
†

and Ux
3 = (X̃1X̃2)fτ (X̃1X̃2)

†. Thus,

Ux =
3∏

j =0

Ux
j = X̃1X̃2fτ X̃1X̃3fτ X̃1X̃2fτ X̃1X̃3fτ , (11)

an unbalanced schedule using eight single-color pulses
(see Fig. 2, bottom). This is the single-axis CHaDD
sequence, simply referred to as “CHaDD,” implemented
in our experiments below.

B. Multiaxis CHaDD

As is the case in the single-qubit XY4 sequence [11],
we can obtain multiaxis CHaDD sequences by concate-
nating single-axis CHaDD sequences about perpendicular
axes [36]. This leads to a concatenated multiaxis CHaDD
protocol requiring a quadratic circuit depth in χ(G) (see
Appendix A). However, as we show next, for χ(G) ≥ 3, a
more efficient multiaxis CHaDD protocol is possible that
retains the linear scaling in χ(G). For χ(G) = 2, both
protocols require a circuit depth of 16.

Rather than associating a color with a single row of a
Hadamard matrix, we need three rows per color for mul-
tiaxis CHaDD. To explain the protocol, we need to first
introduce some additional terminology [58–63]. A sign
matrix Sχ ,N is a χ × N matrix with ±1 entries (Wχ is a spe-
cial case). The Schur product C = A ◦ B of two χ × N sign
matrices A and B is the entry-wise product Cij = Aij Bij . A
set of χ × N sign matrices is Schur-closed if it is closed
under the Schur product. A Schur subset is a set of rows of
sign matrices that multiply entry-wise to + + · · · +. Note
that Schur subsets are Schur-closed. We will identify Schur
subsets with colors.

Theorem 2 (multiaxis CHaDD). Under the same
assumptions as in Theorem 1, a circuit depth of 3χ + 1 ≤
N ≤ 2(3χ + 5), involving only single-qubit Pauli pulses,
suffices to cancel to first order in τ all terms in H on a
qubit-connectivity graph G with chromatic number χ .

The proof combines ideas from Refs. [58,62] with our
single-axis CHaDD approach.
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Proof. Assign to each color c a Schur subset via an
injective function h. For a given Schur subset h(c), label
its three rows h(c; x), h(c; y), and h(c; z). Define the
χ × N sign matrix Sα , where α ∈ {x, y, z}, as the matrix
whose rows are {h(c; α)}c∈C. These sign matrices Sα are
Schur-closed. This implies that for each fixed (c, j )’th
entry, ([Sx]cj , [Sy]cj , [Sz]cj ) can only be one of (+, +, +),
(+, −, −), (−, +, −), or (−, −, +). These tuples corre-
spond to whether or not a given Pauli operator σ̃(c,j ) acting
on all qubits of color c commutes (+) or anticommutes (−)
with (σ x

v , σ y
v , σ z

v ), where φ(v) = c , i.e., σ̃(c,j ) = Ĩc, X̃c, Ỹc,
and Z̃c, respectively.

Then, the unitary-control propagator is σ j ≡ ⊗
c∈C σ̃(c,j )

in time step j and when we conjugate fτ by σ j , i.e.,
Uj ≡ σ j fτ σ

†
j , the sign acquired by σα

v is [Sα]cj if φ(v) = c,
while the sign acquired by σα

u σβ
v (u < v) is [Sα]c1j [Sβ]c2j

if φ(u) = c1 and φ(v) = c2:

Uj = exp
[−iτ

(
H 1,j + H 2,j

)]
, (12a)

H 1,j =
∑

α∈{x,y,z}
H

α

1,j , H 2,j =
∑

α,β∈{x,y,z}
H

αβ

2,j , (12b)

H
α

1,j = σ j Hα
1 σ

†
j =

∑

c∈C

[Sα]cj

∑

v∈Vc

σα
v , (12c)

H
αβ

2,j = σ j Hαβ

2 σ
†
j =

∑

c1 	=c2

[Sα]c1j [Sβ]c2j

∑

(u,v)∈Ec1,c2

σα
u σβ

v . (12d)

The overall unitary for all N time steps is now

U ≡
N−1∏

j =0

Uj = exp
[

−iτ
N−1∑

j =0

H 1,j + H 2,j

]
+ O (

T2) .

(13)

To remove all one- and two-local terms, i.e.,
∑

j H 1,j = 0
and

∑
j H 2,j = 0, we need

∑
j [Sα]cj = 0 and

∑
j [Sα]c1j

[Sβ]c2j = 0. The first condition follows immediately from
the fact that these are rows of a Hadamard matrix and the
second follows from the fact that each Schur subset has
been drawn from different partitions (c1 	= c2) of the same
Hadamard matrix, so the rows of the sign matrices Sα are
orthogonal.

The Hadamard matrix Wν can be partitioned into exactly
Se = (2ν − 1)/3 Schur subsets if ν is even and at most
So = (2ν − 5)/3 if ν is odd [58] (see also Ref. [79,
Theorem 4.1] and Appendix B). Let ν = 2k and k ∈
Z

+, so Se(k) = (22k − 1)/3 and So = (22k+1 − 5)/3. Since
the circuit depth is N = 2ν , we would like to minimize
k. We need at least as many Schur subsets as colors;
hence min{Se(k), So(k)} ≥ χ . Minimizing k, we have k =
min{fe(χ), fo(χ)}, where fe(χ) = � 1

2 log2(3χ + 1)� and
fo(χ) = � 1

2 [log2(3χ + 5) − 1]�. Thus, we obtain N =
min{22� 1

2 log2(3χ+1)�, 22� 1
2 [log2(3χ+5)−1]�+1} ∈ �(χ), i.e., 3χ

+ 1 ≤ N ≤ 2(3χ + 5). �

We explain the upper and lower bounds in Appendix C.
Since N is a step function in χ , these bounds are loose
(e.g., N = 16 for 2 ≤ χ ≤ 5, and N = 32 for 6 ≤ χ ≤ 9)
but they are nearly tight envelopes.

The sequence that explicitly provides the circuit alluded
to in the statement of Theorem 2, and which is constructed
in the proof of this theorem, is as follows.

Definition 2 (multiaxis CHaDD). The sequence U =∏N−1
j =0 Uj with Uj ≡ σ j fτ σ

†
j , σ j ≡ ⊗

c∈C σ̃(c,j ) is called
multiaxis CHaDD.

We give an explicit example of multiaxis CHaDD
below.

1. Example 3: Multiaxis CHaDD for χ = 3

For 2 ≤ χ ≤ 5, N = 16, so ν = 4 is even, and W4 can
be partitioned into (2ν − 1)/3 = 5 Schur subsets [58]. Sign
matrices Sx, Sy , and Sz for χ ≤ 5 are [60, Ex. 2]:

Sx =

⎛

⎜⎜⎜⎝

+ + + + + + + + − − − − − − − −
+ + − − − − + + + + − − − − + +
+ − − + + − − + − + + − − + + −
+ − − + − + + − − + + − + − − +
+ + − − + + − − − − + + − − + +

⎞

⎟⎟⎟⎠ , (14a)

Sy =

⎛

⎜⎜⎜⎝

+ + + + − − − − + + + + − − − −
+ − + − − + − + + − + − − + − +
+ + − − + + − − + + − − + + − −
+ + − − − − + + − − + + + + − −
+ − + − − + − + − + − + + − + −

⎞

⎟⎟⎟⎠ , (14b)
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Sz =

⎛

⎜⎜⎜⎝

+ + + + − − − − − − − − + + + +
+ − − + + − − + + − − + + − − +
+ − + − + − + − − + − + − + − +
+ − + − + − + − + − + − + − + −
+ − − + − + + − + − − + − + + −

⎞

⎟⎟⎟⎠ . (14c)

These matrices are closed under the Schur product and
the set consisting of the ith row of each of three sign matri-
ces Sα forms a Schur subset. We need at least as many
Schur subsets as colors, so we can use the above matrices
to schedule up to five colors.

For χ = 3, let us assign color c to the Schur sub-
set consisting of row i = h(c) = c from each of the
three sign matrices above. The χ × N sign matrices
Sα for this example are then the middle three rows
of the sign matrices provided above. We must look at
the entries corresponding to color c and time step j in
each of the three sign matrices, i.e., ([Sx]cj , [Sy]cj , [Sz]cj )

to determine which Pauli operation conjugates fτ . All
colors in time step j = 0 have entries (+, +, +) corre-
sponding to Pauli operator σ̃(c,0) = Ĩc, so we have σ 0 =
I and U0 = fτ . In time step j = 1, color c = 1 has
tuple ([Sx]1,1, [Sy]1,1, [Sz]1,1) = (+, −, −) corresponding to
σ̃(1,1) = X̃1, color c = 2 has tuple ([Sx]2,1, [Sy ]2,1, [Sz]2,1) =
(−, +, −) corresponding to σ̃(2,1) = Ỹ2, and color c =
3 has tuple ([Sx]3,1, [Sy]3,1, [Sz]3,1) = (−, +, −) corre-
sponding to σ̃(3,1) = Ỹ3, so σ 1 = X̃1Ỹ2Ỹ3, and U1 =(
X̃1Ỹ2Ỹ3

)
fτ

(
X̃1Ỹ2Ỹ3

)†
. In time step j = 2, color c = 1 has

tuple (−, +, −) corresponding to σ̃(1,2) = Ỹ1, color c = 2
has tuple (−, −, +) corresponding to σ̃(2,2) = Z̃2, and color
c = 3 has tuple (−, −, +) corresponding to σ̃(3,2) = Z̃3,
so σ 2 = Ỹ1Z̃2Z̃3, and U2 = (

Ỹ1Z̃2Z̃3
)

fτ
(
Ỹ1Z̃2Z̃3

)†
. Taking

the product of all N = 16 time steps yields the multiaxis
CHaDD sequence:

U =
15∏

j =0

Uj

= Ĩ1Z̃2X̃3fτ X̃1Ỹ2Ỹ3fτ Z̃1X̃2X̃3fτ X̃1Ỹ2Ỹ3fτ

Ĩ1X̃2Ỹ3fτ X̃1Ỹ2Ỹ3fτ Z̃1X̃2X̃3fτ X̃1Ỹ2Ỹ3fτ

Ĩ1Z̃2X̃3fτ X̃1Ỹ2Ỹ3fτ Z̃1X̃2X̃3fτ X̃1Ỹ2Ỹ3fτ

Ĩ1X̃2Ỹ3fτ X̃1Ỹ2Ỹ3fτ Z̃1X̃2X̃3fτ X̃1Ỹ2Ỹ3fτ . (15)

This is the multiaxis CHaDD sequence implemented in our
experiments below.

C. A robust CHaDD variant

DD sequences with robustness to pulse imperfections
are known [47,48]. The “universally robust” (URn) family

of sequences, for even n ≥ 4, consists of n π pulses about
various axes in the x-y plane [48]. The simplest sequence,
UR4, consists of the uniform interval sequence X X̄ X̄ X ,
where X = Px(π) and X̄ = Px(−π). Analogously, we
define a robust version of the single-axis x-type CHaDD
sequence by replacing X with X̄ where necessary to match
the UR4 sequence pattern.

For example, the χ = 3 CHaDD sequence given in Eq.
(11) consists of colors 1, 2, and 3 receiving XXXX , IXIX ,
and XIXI , respectively. We need a minimum of four pulses
on each color to form a robust sequence, so we replace
these with X X̄ X̄ XX X̄ X̄ X , IXI X̄ I X̄ IX , and XIX̄ I X̄ IXI ,
which doubles the circuit depth compared to CHaDD.
We denote this robust CHaDD variant “CHaDD-R4,” or
CHaDD-R for brevity. Note that CHaDD-R promotes the
underlying achromatic UR4 sequence to an efficient multi-
qubit sequence in the same sense that CHaDD and mul-
tiaxis CHaDD, respectively, promote the XX and XY4
sequences.

D. Pulse repetition rate at fixed chromatic number

Theorems 1 and 2 characterize CHaDD in terms of
the scaling of circuit depth with chromatic number. How-
ever, with an eye toward an experimental comparison
between the CHaDD variants and their underlying achro-
matic sequences at fixed chromatic number, it is also mean-
ingful to quantify performance in terms of pulse repetition
rate (PRR), i.e., the average number of pulses per unit
time. A lower PRR is advantageous, as it means reduced
power consumption and, hence, less heat being injected
into the system from microwave sources. A lower PRR
also implies a reduction in control-error accumulation. The
PRR for χ = 3 is illustrated for a few key sequences in
Fig. 3. Since the achromatic sequences (XX, XY4, UR4,
etc.) do not distinguish qubits by color, they target all
qubits in every time step, while CHaDD variants selec-
tively target qubits by color. The result is a PRR that is
1/3 lower for CHaDD and CHaDD-R than it is for XX
and UR4, respectively. Clearly, a sequence achieving equal
performance at lower PRR is preferred. We next describe
experiments designed to test the performance of CHaDD
variants relative to achromatic sequences according to this
criterion.

IV. EXPERIMENTS

We have performed experiments on the IBM_BRISBANE
127-qubit QPU. IBM’s “heavy-hex” qubit-connectivity
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(a) (b)

(c) (d)

(e)

FIG. 3. A four-qubit portion of the 127-qubit χ = 3 experiment time line of (a) XX, (b) UR4, (c) CHaDD, (d) CHaDD-R, and
(e) multiaxis CHaDD with red, green, blue (RGB), and gray qubits prepared in the |+〉 and |1〉 states, respectively. XX, UR4, and
CHaDD are length-4 sequences repeated twice, CHaDD-R is a length-8 sequence repeated once, and multiaxis CHaDD is a length-16
sequence repeated once. The CHaDD sequences (c) and (d) are scheduled according to the color-to-row function g(1) = 2, g(2) = 3,
and g(3) = 1, different from that in the bottom row of Fig. 2, and use two pulses per time slot compared to three for their achromatic
counterparts (a) and (b), i.e., use 1/3 fewer pulses, resulting in a PRR that is 2/3 that of XX and UR4. During (e) multiaxis CHaDD,
the RGB qubits see an average of 38/3 pulses over 16 time steps, resulting in a PRR that is 38/48 ≈ 0.79 that of XY4. To avoid
interference effects arising from placing pulses too close together, we set τ = 2δ (where δ is the pulse width), and to ensure a correct
implementation of X̄ , we use a symmetric decomposition (X̄ = Rz(−π)XRz(π), where Rz(ϕ) ≡ exp(−iϕσ z/2) is a virtual-Z gate
[80]) for UR4 and CHaDD-R [81].

graphs are 2-colorable, as they lack an odd cycle. Previous
work on crosstalk cancellation [20–22] has not presented
explicit schemes for χ > 2 and, instead, has focused on
2-colorable graphs (including Rigetti QPUs). To demon-
strate the ability of CHaDD to go beyond χ = 2, we embed
within the 2-colorable heavy-hex lattice a 3-colorable sys-
tem graph. This is illustrated in Fig. 4, with “system”
qubits colored red, green, and blue (RGB). The remaining
“bath” qubits are colored gray.

What distinguishes the system from the bath qubits is
that our goal is to suppress both decoherence and crosstalk
on the former but not the latter. With this in mind, we
recall from the proof of Theorem 1 that the first row of
the Hadamard matrix (i = 0) is not used to schedule any
pulses. Thus, we assign the gray qubits to this row and
the red, green, and blue qubits to rows 2, 3, and 1 of W2,
respectively. In this manner, decoherence of the gray qubits
is not suppressed, though their crosstalk still is (since row
0 is orthogonal to all the other rows). In addition, while
the gray qubits are measured, we discard the corresponding
measurement outcomes.

In order to compare different DD sequences, we initial-
ize all qubits in |0〉, prepare the gray qubits in each of |0〉,
|+〉, and |1〉, and prepare the RGB qubits in each of the

six Pauli eigenstates, for a total of 18 different preparation-
state settings. We perform DD on the RGB qubits, undo
the state preparation, and obtain the fidelity of the RGB
qubits as the fraction of |0〉 states that we obtain when
measuring all RGB qubits in the σ z basis over 5000 tri-
als, or “shots.” XX, XY4, UR4, and CHaDD are length-4
sequences, CHaDD-R is a length-8 sequence and multiaxis
CHaDD is a length-16 sequence. Accordingly, we repeat
XX, XY4, UR4, and CHaDD in multiples of 4 up to 80
times, CHaDD-R in multiples of 2 up to 40 times, and mul-
tiaxis CHaDD up to 20 times so that each sequence results
in 21 data points that take the same amount of time to col-
lect. We report the average over the 18 preparation-state
settings.

In Fig. 5, we collect the results from three achromatic
DD sequences and three CHaDD variants, along with
free evolution (idle). XY4, UR4, multiaxis CHaDD, and
CHaDD-R are the top-performing sequences. Note that
these sequences have much smaller 1σ error bars than the
others, indicating less susceptibility to variation in initial
state conditions and a better ability to preserve arbitrary
initial states. We compare the top sequences in Fig. 6,
where XY4, UR4, and CHaDD-R are seen to be roughly
tied for top performance.
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FIG. 4. The embedded 3-coloring of the 127 qubit heavy-hex graph consisting of system qubits (red, green, blue) and bath qubits
(gray).

CHaDD, multiaxis CHaDD, and CHaDD-R can be
thought of as the CHaDD variants of the underlying achro-
matic XX, XY4, and UR4 sequences, respectively. In this
sense, the CHaDD variants either outperform or are on par
with their underlying achromatic sequences, most notably
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multiaxis CHaDD
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FIG. 5. A comparison of the average initial state preserva-
tion fidelity of RGB qubits, averaged over 18 preparation-state
settings, for all achromatic DD sequences and their CHaDD
counterparts run on IBM_BRISBANE. The error bars here and in
all other plots are 1σ .

CHaDD versus XX in Fig. 5. Crucially, the CHaDD vari-
ants achieve this performance with a significantly reduced
pulse count (or PRR), as also shown in Fig. 6. As noted
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FIG. 6. The average state-preservation fidelity for RGB qubits
(left) and the pulse count per RGB qubit (right) of the most-
performant DD sequences on IBM_BRISBANE. Multiaxis CHaDD
and CHaDD-R are the CHaDD versions of XY4 and UR4,
respectively, and they exhibit similar performance, but CHaDD-
R has 1/3 fewer pulses than UR4 and XY4, while multiaxis
CHaDD has 1/5 fewer pulses than XY4 and UR4 (see Fig. 3).
Note that the yellow and orange lines overlap, since XY4 and
UR4 have the same PRR.
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above, CHaDD-R has a 1/3 smaller PRR than UR4. As
anticipated, this constitutes a much sparser and hence more
power-efficient sequence for the same performance. As
mentioned above, a lower PRR also reduces control-error
accumulation, which is the likely explanation for the large
performance gap between CHaDD and XX, given the lat-
ter’s absence of inherent robustness against such errors (in
contrast, XY4 and UR4 are both robust sequences [48]). At
the same time, CHaDD lacks a control-error-suppression
mechanism, which explains why it underperforms the
robust sequences. This also applies to multiaxis CHaDD,
which slightly underperforms CHaDD-R.

While all the chromatic and achromatic sequences
decouple all the heavy-hex RGB-gray couplings, only the
chromatic sequences additionally suppress the red-green,
red-blue, and green-blue next-nearest-neighbor couplings;
they do this with a lower PRR than the achromatic
sequences, as illustrated in Fig. 3. The fact that the achro-
matic sequences also decouple the RGB qubits is a pecu-
liarity of the embedding; crosstalk on a native 3-colorable
graph would not be decoupled by synchronous achro-
matic sequences, whereas with the embedding the gray
qubits mediate the crosstalk between the RGB qubits, and
an achromatic sequence that is applied only to the RGB
qubits, as we do here, does suppress crosstalk as a result.
To see this, consider, e.g., the interaction σ z

Rσ z
gray + σ z

grayσ
z
B,

which anticommutes with, and hence is suppressed by, the
XX-sequence pulse (XR ⊗ Igray)(Igray ⊗ XB) applied only
the red (R) and blue (B) qubits. Thus, the embedding
creates an artificially favorable setup for the achromatic
sequences. To demonstrate this, we have repeated our
experiments while letting the latter also target the gray
qubits. Consequently, this is a standard 2-coloring of
the heavy-hex graph, which has been extensively studied
before [20–22]. The result is shown in Fig. 7 and it con-
firms that the performance of the achromatic sequences
is significantly reduced, with strong crosstalk oscillations
clearly visible.

Appendix D provides additional experimental results
obtained using other IBM QPUs that are in complete qual-
itative agreement with the conclusions reported in this
section.

V. CONCLUSIONS AND OUTLOOK

We have proposed CHaDD along with both its multi-
axis and robust variants. These are first-order DD schemes
that are efficient in the chromatic number χ of the qubit
connectivity graph, which, as a function of χ , lead to a
scaling advantage in the circuit depth required to decou-
ple arbitrary connectivity graphs relative to previously
known multiqubit decoupling methods [20–22,58–63,65].
This includes, as a special case, multiqubit ZZ crosstalk
decoupling. At fixed χ , we have demonstrated a significant
reduction in the pulse repetition rate—and hence, power
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FIG. 7. As in Fig. 5 but with the achromatic sequences XY4
and UR4 applied to all qubits. The multiaxis CHaDD and
CHaDD-R data are the same as in Fig. 5. Both CHaDD variants
significantly outperform their underlying achromatic sequences
in this setting.

consumption—required to achieve a performance that is on
par with or better than standard achromatic DD sequences.

To generalize CHaDD beyond first-order decoupling is
straightforward. For example, concatenation of multiaxis
CHaDD with itself is the direct multiqubit generaliza-
tion of concatenating XY4 with itself, which leads to the
single-qubit concatenated DD (CDD) family [36], yielding
an extra suppression order in time-dependent perturba-
tion theory with every additional level of concatenation
[37,51].

However, concatenation incurs an exponential cost in
circuit depth and it would be desirable to be able to replace
the uniform pulse intervals used in the construction of
single-axis CHaDD with the nonuniform intervals used in
the single-qubit Uhrig DD (UDD) sequence family [38], in
order to guarantee the same higher-order performance as
UDD [40] in the single-axis multiqubit setting. This would
directly extend to multiaxis single-qubit decoupling via
the quadratic DD (QDD) sequence [43], which requires at
most (m + 1)2 pulses for order-m suppression in terms of
the Dyson-series expansion [44]. Successfully combining
CHaDD with QDD would generally be much more effi-
cient than the multiqubit nested UDD (NUDD) sequence,
which scales exponentially with the number of qubits [42].
Whether these extensions of CHaDD are possible is an
interesting open problem.

It should be possible to generalize CHaDD beyond
qubits to multilevel systems by replacing the Pauli matri-
ces used in the proof of Theorem 1 with elements of the
generalized Pauli (or Heisenberg-Weyl) group [61,82,83].
CHaDD-R, our robust version of CHaDD, is based on
the UR4 sequence; a proper generalization of URn [48]
to CHaDD-Rn is an interesting topic for future research.
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Finally, it is another interesting open problem to generalize
CHaDD from two-local and instantaneous pulses to k-local
interactions and bounded controls for n qubits, for which
the current state of the art is O[nk−1 log(n)] [63].
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APPENDIX A: MULTIAXIS CHaDD VIA
CONCATENATION

Corollary A1 (Concatenated multiaxis CHaDD). Assume
that the free-evolution unitary is fτ = e−iτH , where H is
given by Eq. (1). Then, a circuit depth of 4�log2 χ(G)�+1 ≤
4χ2(G) is sufficient to completely cancel H to first order in
τ on a qubit-connectivity graph G with chromatic number
χ(G).

Proof. It follows immediately from Theorem 1 (by
swapping the x and z indices) that a single-axis z-type
CHaDD sequence has an overall unitary of

Uz ≡
N−1∏

j =0

Uz
j = exp

[−iT(H z
1 + H zz

2 )
] + O (

T2) . (A1)

If we concatenate the single-axis x- and z-type sequences
at every time step, i.e., replace fτ in Ux

j = X j fτ X
†
j with the

single-axis z-type CHaDD sequence Uz, we obtain Uxz
j ≡

X j UzX
†
j , so that

Uxz ≡
N−1∏

j =0

Uxz
j =

N−1∏

j =0

X j e−iT(Hz
1+Hzz

2 )X
†
j +O (

NT2) . (A2)

This is just the single-axis x-type CHaDD sequence Ux

given by Eq. (8) applied to an effective Hamiltonian H =
H z

1 + H zz
2 without any H x

1 or H xx
2 terms, so it follows from

Theorem 1 that this Hamiltonian is completely canceled to

first order, i.e.,

N−1∏

j =0

X j e−iT(Hz
1+Hzz

2 )X
†
j =I + O (

NT2) . (A3)

Hence, the total CHaDD unitary is Uxz = I + O (
NT2

)
.

This requires a circuit depth of N 2 = 22(�log2 χ(G)�+1) ≤
4χ2(G). �

Definition A1. The sequence Uxz = ∏N−1
j =0 Uxz

j is called
concatenated multiaxis CHaDD.

Clearly, replacing x and z with other combinations of
orthogonal axes is equivalent to Uxz. Thus, Uxz can be
interpreted as the efficient multiaxis multiqubit generaliza-
tion of the XY4 sequence [11].

APPENDIX B: CONNECTIONS TO PROJECTIVE
GEOMETRY

The properties of Schur subsets of a sign matrix pre-
sented by Leung [58] were discovered in a more general
form several decades earlier in the projective-geometry
community, using the terminology of partial t-spreads in
the Desargesian projective space PG(d, q), where d is the
dimension and q is the order (number of elements) of
the finite field Fq [79]. In such a space, points and lines
are defined in terms of vector spaces over Fq, and the
incidence structure obeys the axioms of projective geome-
try. Desargues’ theorem guarantees that any configuration
of points and lines that forms a perspective triangle has
collinear points, ensuring a well-defined projective struc-
ture. A perspective triangle is a configuration in which two
triangles are in perspective from a point or a line.

For our purposes, PG(d, q) = Z
ν
2 \ {0}, d = ν − 1, q =

2, t = 1, and the size of the partial t-spread is the number
of Schur subsets.

In this context, Ref. [79, Thm. 4.1] states that there are
no more than (2ν − 5)/3 Schur subsets for a Hadamard

FIG. 8. The circuit depth N (χ) of multiaxis CHaDD [Eq.
(C1)] along with the upper and lower bounds, 2(3χ + 5) and
3χ + 1, respectively.
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FIG. 9. Comparison across four IBM QPUs. The time axes are different since the duration of single-qubit gates varies: (a)
IBM_STRASBOURG, 60 ns; (b) IBM_BRISBANE, 60 ns; (c) IBM_KYIV, 49.78 ns; (d) IBM_SHERBROOKE, 56.89 ns. Different QPUs exhibit
different quantitative behaviors, with IBM_STRASBOURG displaying the overall lowest fidelities and largest crosstalk, evidenced by the
oscillation in the XX-sequence results.

matrix Wν with odd ν. For even ν one can pick all 2ν − 1
nontrivial rows of the Hadamard matrix (one row is the
trivial row of all +), resulting in (2ν − 1)/3 Schur subsets,
so the upper bound is not needed.

Moreover, the bounds for both odd and even ν are
achievable: for even ν, Ref. [79] states that this was known
before (Results 2.1 and 2.2), and for odd ν this is shown in
Theorem 4.2.

APPENDIX C: CIRCUIT DEPTH OF MULTIAXIS
CHaDD

In the main text, we have shown that

N = min{22� 1
2 log2(3χ+1)�, 22� 1

2 [log2(3χ+5)−1]�+1} (C1)

for the circuit depth of multiaxis CHaDD. Here, we derive
the upper and lower bounds. It follows from the defini-
tions of Se and So that 2ν ≥ 3χ + 1 and 2ν ≥ 3χ + 5 in
the case that ν is even and odd, respectively. Thus, in

either case, we have that N = 2ν ≥ 3χ + 1, establishing
a lower bound on the circuit depth regardless of the value
of ν. Now consider that we wish to choose the smallest
value of ν that satisfies the above inequalities so that we
may state 2ν ≥ 3χ + 1 ≥ 2ν−1 and 2ν ≥ 3χ + 5 ≥ 2ν−1 if
ν is even or odd, respectively, from which it follows that
2(3χ + 5) ≥ 2ν = N . Hence, 2(3χ + 5) ≥ N ≥ 3χ + 1.
These results are shown in Fig. 8.

APPENDIX D: ADDITIONAL EXPERIMENTAL
RESULTS

In the main text, we have presented results obtained
on the IBM_BRISBANE QPU. In this appendix, to test the
robustness of our conclusions, we provide results from
additional IBM QPUs. These results, presented in Fig. 9,
are in full qualitative agreement with our conclusions.
Namely, in all cases, the CHaDD variants (rightmost col-
umn in the legend) outperform their underlying achromatic
sequences (middle column in the legend).
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